We consider Pisot family substitution tilings in R d whose dynamical spectrum is pure 1 point. There are two cut-and-project schemes(CPS) which arise naturally: one from the Pisot family 2 property and the other from the pure point spectrum respectively. The first CPS has an internal 3 space R m for some integer m ∈ N defined from the Pisot family property, and the second CPS has 4 an internal space H which is an abstract space defined from the property of the pure point spectrum.
Preliminary 29

Tilings
30
We begin with a set of types (or colours) {1, . . . , κ}, which we fix once and for all. A tile in R d 31 is defined as a pair T = (A, i) where A = supp(T) (the support of T) is a compact set in R d , which 32 is the closure of its interior, and i = l(T) ∈ {1, . . . , κ} is the type of T. We let g + T = (g + A, i) for 33 g ∈ R d . We say that a set P of tiles is a patch if the number of tiles in P is finite and the tiles of P have 34 mutually disjoint interiors. A tiling of R d is a set T of tiles such that R d = {supp(T) : T ∈ T } and 35 distinct tiles have disjoint interiors. Given a tiling T , a finite set of tiles of T is called T -patch. We 36 always assume that any two T -tiles with the same colour are translationally equivalent (hence there 37 are finitely many T -tiles up to translations).
38
We will make use of the following notation: 39 F +r := {x ∈ R d : dist(x, F) ≤ r} and F −r := {x ∈ F : dist(x, ∂F) ≥ r}.
(1.1)
Substitutions
48
Definition 1. Let A = {T 1 , . . . , T κ } be a finite set of tiles in R d such that T i = (A i , i); we will call them prototiles. Denote by P A the set of patches made of tiles each of which is a translate of one of T i 's. We say that ω : A → P A is a tile-substitution (or simply substitution) with expansive map φ if there exist finite sets
Here all sets in the right-hand side must have disjoint interiors; it is possible for some of the D ij to be 50 empty. The substitution κ × κ matrix S is defined by S(i, j) = #D ij . If S m > 0 for some m ∈ N, we say 51 that the substitution tiling T is primitive. Definition 2. A cut and project scheme (CPS) consists of a collection of spaces and mappings as follows;
where R d is a real Euclidean space, H is a locally compact Abelian group, π 1 and π 2 are the canonical
model set (resp. regular model set) with respect to the same CPS.
68
Without loss of generality, we assume that H is generated by the windows W i 's, where Let X T be the collection of all primitive substitution tilings in R d each of whose clusters is a translate of a T -patch. We give a usual metric δ on tilings in such a way that two tilings are close if there is a large agreement on a big area with small shift (see [15, 24, 26] ). Then X T = {−h + T : h ∈ R d } where the closure is taken in the topology induced by the metric δ. We have a natural action of R d on the dynamical hull X T of T by translations and get a topological dynamical system (X T , R d ). Let (X T , µ, R d ) be a measure preserving dynamical system with a unique ergodic measure µ. We consider the associated group of unitary operators {T x } x∈R d on L 2 (X T , µ): to g. The dynamical system (X T , µ, R d ) is said to have pure point spectrum if σ g is pure point for every g ∈ L 2 (X T , µ). We also say that T has pure point spectrum if the dynamical system (X T , µ, R d ) has 74 pure point spectrum.
choose distinguished points in the tiles of primitive substitution tiling so that they form a φ-invariant 
The control points have the following properties:
, for any tiles T, T of the same type;
Control points are also fixed for tiles of any tiling S ∈ X T : they have the same relative position as in T -tiles. Note that the choice of control points is non-unique, but there are only finitely many possibilities, determined by the choice of the tile map. Let
be a set of control points of the tiling T in R d . Let
where C i is the set of control points of tiles of type i. Equivalently, Ξ is the set of translation vectors 84 between two T -tiles of the same type.
85
Let us assume that φ is diagonalizable over C and the eigenvalues of φ are algebraically 86 conjugate with multiplicity one. For a complex eigenvalue λ of φ, the 2 × 2 diagonal block λ 0 0 λ 87 is similar to a real 2 × 2 matrix
where λ = a + ib, a, b ∈ R, and S = 
where α = (1, 1, . . . , 1) ∈ R d and k ∈ Z.
95
Let us assume now that T has FLC, φ is diagonalizable, the eigenvalues of φ are all algebraically conjugate with multiplicity one, and there exists at least one other algebraic conjugate different from eigenvalues of φ. Suppose that φ has e number of real eigenvalues, and f number of 2 × 2 blocks of the form of complex eigenvalues where d = e + 2 f . Let all the algebraic conjugates of eigenvalues of φ be real numbers λ 1 , . . . , λ s and complex numbers λ s+1 , λ s+1 , . . . , λ s+t , λ s+t . Let m := s + 2t and write λ s+t+i = λ s+i for i = 1, . . . t for the convenience. Let us consider a space K, where
Let us consider a following map
where P(x) is a polynomial over Z. Let us construct a new cut and project scheme :
where π 1 and π 2 are canonical projections, L = C i i≤κ and L = {(x, Ψ(x)) : x ∈ L}. It is clear to see
Lemma 4. L is a lattice in R d × K. non-degenerate by the Vandermonde determinant, the natural embedding combining all conjugates; be the group generated by C i , i ≤ κ, where C = (C i ) i≤κ is a control point set of T and
be the set of periods of T . We say that T admits an algebraic coincidence if there exist M ∈ Z + and 
119
Under the assumption that T admits an algebraic coincidence, we introduce a topology on L and 120 find a completion H of the topological group L such that the image of L is a dense subgroup of H. This 121 enables us to construct a cut and project scheme (CPS) such that each point set C i , i ≤ κ, arises from 122 the CPS. From the following lemma, we know that the system {α + φ n Ξ(T ) + K : n ∈ Z + , α ∈ L} T admits an algebraic coincidence. Then the system {φ n Ξ(T ) + K : n ∈ Z + } serves as a neighbourhood 126 base for 0 ∈ L of the topology on L relative to which L becomes a topological group.
We call the topology on L with the neighbourhood base {α
.5] and Lemma 6, we know that there exists a complete
130
Hausdorff topological group of L , which we denote by H, for which L is isomorphic to a dense 
P -topology
137
We introduce another topology on L which becomes equivalent to φ-topology under the 138 assumption of algebraic coincidence.
139
Let {F n } n∈Z + be a van Hove sequence and let T , T be two tilings in R d , where Λ = (Λ i ) i≤κ and Λ = (Λ i ) i≤κ are representable Delone κ-sets of the tilings T , T . We define
Here is the symmetric difference operator. Let P = {x ∈ L : ρ(x + T , T ) < } for each > 0. algebraic coincidence, then the mapping ι : x → x from L φ onto L P is topologically isomorphic.
147
Remark 8. From Prop. 7, L P is topologically isomorphic to L φ . Thus the completion of L P is 148 topologically isomorphic to the completion H of L φ . We will identify the former with H. Thus
is an open map, the latter with the induced topology of the completion H. Therefore we 151 can consider the CPS (1.5) with an internal space H which is a completion of L P . Note that since T is
153
We observe that L P and Ψ(L) are all topologically isomorphic when the control point set C is a 154 regular model κ-set in CPS(2.4).
155
Theorem 3.1. Let T be a primitive Pisot family substitution tiling in R d with an expansive map φ. Suppose 156 that φ is diagonalizable, all the eigenvalues of φ are algebraic conjugates with multiplicity one, and there PROOF. Since φ is an expansive map and satisfies the Pisot family condition, we first note that there 161 is no algebraic conjugate γ of eigenvalues of φ with |γ| = 1.
162
We will show that if for t ∈ L, Ψ(t) is close to 0 in K, then ρ(t + T , T ) is close to 0 in H. Since 163 each point set C i is a regular model set by the assumption where C = (C i ) i≤κ and
where θ is a Haar measure in K(see [21, Thm. 1]).
166
Note that
is uniformly continuous in s ∈ K (see [25, Subsec. 1.1.6]). So if Ψ(t) converges to 0 in K, then 167 ρ(t + T , T ) converges to 0 in R.
168
On the other hand, suppose that {t n } is a sequence such that ρ(t n + T , T ) → 0 as n → ∞. Then for each i ≤ κ {θ(W i \(Ψ(t n ) + W i ))} n → 0 as n → ∞.
Note that for large enough n, W i ∩ (Ψ(t n ) + W i ) = ∅ and so Ψ(t n ) ∈ W i − W i for all i ≤ κ. Since W i − W i is compact, {Ψ(t n )} n has a converging subsequence {Ψ(t n k )} k . For any such sequence define t 0 * := lim k→∞ Ψ(t n k ). where m is the degree of the characteristic polynomial of β.
